into M(S) with the following properties.
(A) μ -> μ s is an algebraic isomorphism and an order preserving isometry.
(B) The image M s of the map μ-*μ s is weak* dense in M(S); i.e., M s separates points in C(S).
(C) C(S) is the closed linear span of S; i.e., S separates points of S. (S is the collection of all continuous semicharacters on S), (D) Each complex homomorphism of M has the form h f (μ) -I fdμ s for some / in S.
JS
The reader will recall that a semicharacter is a nonzero, bounded, complex valued function / defined on the semigroup S which satisfies f(x-y) = f(x)f(y) for all x and y in S. As a result of {D), the set S of semicharacters with the weak* topology induced by M can be considered the maximal ideal space of M. We will regard a semicharacter / in S as both a continuous function on S and a complex homomorphism of M via the indentification given by (D), Thus, we write f(μ) in place of h f (μ) .
We are now in a position to define the type of algebra which will be our object of study. DEFINITION 1. A semisimple convolution measure algebra M will be called a P-algebra provided f(μ) ^ 0 for every positive measure μ in M and every complex homomorphism / of M.
Examples of P-algebras are the measure algebra M(T), under convolution, of the compact semigroup T - [a,b] with multiplication x-y = max {x, y} [3] , and more generally, the measure algebra M(T) of a finite product T of locally compact, totally ordered spaces with co-ordinate wise maximum multiplication [1] . In both examples, each complex homomorphism of M(T) has the form
JT
for some subsemigroup A of T whose complement T\A is a (prime) ideal of T (Definition 1.5, [1] ). Consequently, M(T) is a P-algebra. In § 4 we will give an alternate proof the M(T) is a P-algebra, based on the results of § 3. We pause to define several terms with which the reader may not be familiar. The reader is referred to Taylor [5] for terms not defined here.
Let M be a convolution measure algebra.
called an L-subspace (subalgebra, ideal) if whenever μeN, then v e N for all v < μ(y absolutely continuous with respect to μ).
{μe μ\ μiv (μ and v are mutually singular) for all veN} is a subalgebra of M.
2. Some characterizations of P-algebras* Our first theorem gives six equivalent conditions for a semisimple convolution measure algebra M to be a P-algebra. The identity e mentioned in statements (5) and (6) of the theorem is the identity in M if M has an identity and is the identity adjoined to M in the usual manner if M does not have an identity. Similarly, the inversion mentioned in statement (6) takes place in the algebra M if M has an identity, and in the algebra "M with identity adjoined" if M does not have an identity. THEOREM 1. Let M be a semisimple convolution measure algebra. Then the following statements are equivalent.
(1) M is a P-algebra.
(5) The spectral radius ofμ -e is less than or equal to one for every positive measure μ of norm one.
( 6 ) μ + e is invertible for every positive measure μ of norm one.
Proof. The order of proof will be (1) => (2) Therefore,
Then μ/\\μ\\ is a positive measure of norm one and hence Clearly μ can never assume the value -1. Thus -l^σ(μ) 1 and hence μ + β is invertible.
( 6 ) => (1). Let μ be a positive measure in M. If λ > 0, then μ/X + e is invertible. Hence μ + Xe is invertible and -X£σ(μ). Therefore, the spectrum of any positive measure in M contains no negative members. We claim that this fact ensures us that every positive measure will have real, nonnegative spectrum. For suppose μ is a positive measure whose spectrum is not real. Then there is an /GS such that μ(f) = λ = \ + iX 2 where \ and λ 2 are real and A, 2 φ o. We can choose a number t > 0 such that exp (tx) < 0. Thus exp (tμ) is a positive measure with a negative number in its spectrum, a contradiction. The proof of the theorem is complete.
An L-subalgebra of a convolution measure algebra is again a convolution measure algebra. Since the spectral radius of a measure depends only upon the norms of the measure and its powers, statement (5) together with the above observation yields the following corollary.
COROLLARY. Every L-subalgebra of a P-algebra is a P-algebra.
3. A sufficient condition* Our next theorem gives a sufficient condition for an algebra to be a P-algebra. We suspect that the condition is also necessary but have not been able to prove it. 4. An application o£ Theorem 2. If T is an idempotent semigroup we can introduce a partial ordering "<;" in T by defining E ^ y if and only if x>y -y for all x any |/ in Γ. A totally ordered idempotent semigroup is one in which the above partial ordering is a total ordering. Our goal in this section is to show that the measure algebra on a finite product of totally ordered, locally compact, idempotent semigroups is a P-algebra. This result follows trivially from a theorem of Baartz (Theorem 3.5, [1] ); however, we shall give an independent development using Theorem 2. We will need the three lemmas that follow. LEMMA This establishes the lemma. we denote the measure μ restricted to a set A by μ | A(μ \ A(E) -μ(A Π E) for any Borel set E). We claim that the sequences {μ n } and {v n } satisfy the hypothesis of Theorem 2. Clearly, μ n -* μ. Since supp jtf n ^ supp v Λ , and since supp v' n c supp y Λ for any v' n <v n , Lemma 1 assures us that μ n *K = μ n {T)v' n . Finally, v n is a nonzero measure such that v n < μ m < ΣΓ= 0 μ72\ Since M(T) is semisimple [1] , M{T) is a P-algebra by Theorem 2. 5* A counterexample* Theorem 1 shows that any P-algebra may be considered as an L-subalgebra of the measure algebra on a compact idempotent semigroup. Each of the examples given in § 1 is a measure algebra on a locally compact idempotent semigroup (not the structure semigroup). It is therefore natural to ask whether or not the measure algebra on any locally compact, idempotent semigroup is a P-algebra. The answer to this question is "no" as the counterexample of this section will show. We first make the following definition. Let T be the countable topological product of the two-point semigroup {0,1}, under multiplication. Thus T is a compact idempotent semigroup. We now define a map a: S-> T by [tf(X)]i = lu^X) for any XeS.
Let T be a locally compact idempotent semigroup and let μ and v be in M(T). Suppose suppμ ^ supp v in the sense that for any sesuppμ and t esuppy, s ^ t(s t -t). Then μ*v = μ(T)v.

Proof. Supp
Note that a is a continuous one-to-one homomorphism from S into T. We further observe that C is embedded in an obvious way in S, and hence in T, as an independent set.
The concluding argument is similar to the one given in the HewittKakutani paper on M(G) [2] . There is a positive continuous measure μ of norm one concentrated on C. Using Fubini's theorem and the fact that C is independent, it can be shown that μ and all its powers are mutually singular [2] . Now let σ = δ e -μ (e is the identity in T). Then || σ || = || ΣJU C Hft (-l) k μ k || -Σϊ=o C Λf * = 2\ Hence
Thus there is a complex homomorphism h of Jlf(T) such that | h(σ) \ = 2. This forces fe(^) = -1. Therefore, M(T) is not a P-algebra. The countable product of the two point semigroup, with the operation of coordinatewise multiplication, is a sub-semigroup of the countable product of unit intervals, with the operation of coordinatewise minimum. Thus although the measure algebra on a finite product of intervals with coordinatewise maximum multiplication is a P-algebra, this is not the case for an infinite product of intervals. We are therefore led to conjecture that a measure algebra M(T) is a P-algebra if and only if T is an idempotent semigroup which satisfies a certain "finite dimensionality" condition.
